For two dimensional conformal field theories in the ground state, it is known that a conformal interface along the entanglement cut can suppress the entanglement entropy from SA ∼ c log L to SA ∼ ceff log L, where L is the length of the subsystem A, and ceff ∈ [0, c] is the effective central charge which depends on the transmission property of the conformal interface. In this work, by making use of conformal mappings, we show that a conformal interface has the same effect on entanglement evolution in non-equilibrium cases, including global, local and certain inhomogeneous quantum quenches. I.e., a conformal interface suppresses the time evolution of entanglement entropy by effectively replacing the central charge c with ceff, where ceff is exactly the same as that in the ground state case. We confirm this conclusion by a numerical study on a critical fermion chain. Furthermore, based on the quasi-particle picture, we conjecture that this conclusion holds for an arbitrary quantum quench in CFTs, as long as the initial state can be described by a regularized conformal boundary state.
I. INTRODUCTION
Conformal interfaces are one dimensional objects that connect two, possibly different, conformal field theories (CFTs) in two dimensional spacetime. [1] [2] [3] [4] [5] [6] A conformal interface can be described by a conformal boundary condition for the product theory after a folding (see Fig.1 ). Considering that a conformal boundary condition preserves the total stress tensors of the product theory, 7 then one has
along the conformal interface, where T i (T i ) is the holomorphic (anti-holomorphic) component of the stress tensor of CFT i . There are two special cases for a conformal interface. If each side of Eq.(1.1) equals zero, then the conformal interface itself is nothing but a conformal boundary for CFT 1 and CFT 2 separately. That is, the two CFTs are decoupled and this interface is totally reflective. On the other hand, if T 1 = T 2 and T 1 = T 2 , the holomorhpc/anti-holomorphic stress tensor is continuous along the interface. In this case, the interface commutes with the holomorphic/anti-holomorphic stress tensor and can be freely deformed in correlators, as long as the interface does not cross any field insertion points. The interface in the latter case is called a topological interface and is totally transmissive. 8 For general conformal interfaces which are partially transmissive, 9 it is difficult to classify them even for the Virasoro minimal models, since it corresponds to the classification of conformal boundary conditions for the product theory of Virasoro minimal models. Nevertheless, there are some well studied examples, e.g., conformal interfaces in a two dimensional Ising model, 1,2 and a specific one-parameter family of conformal interfaces in free boson CFTs. 3 In condensed matter physics, the application of conformal interfaces have been studied in two dimensional Ising models, 1,2 junctions of quantum wires, [4] [5] [6] etc. In AdS/CFT correspondence, conformal interfaces may occur when branes extend to the boundary of the AdS-space, 3, [10] [11] [12] and have received extensive attention in high energy physics, see, e.g., Refs.3, 10-22.
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CFT1 ⊗ CFT2 CFT1
FIG. 1. A conformal interface (red dotted line) that connects CFT1
and CFT2. Through folding and unfolding, one can relate a conformal interface and a conformal boundary for the product theory CFT1 ⊗ CFT2.
In this work, we are mainly interested in the entanglement property of CFTs in the presence of a conformal interface. This issue was mainly studied in the ground state of two dimensional CFTs. In Ref. 23 , entanglement entropy across a conformal interface in compact free boson CFTs was calculated. It was found that entanglement entropy for a subsystem A has the form
where L is the length of subsystem. We use ' ' instead of '=' because only the leading term is concerned here. The effective central charge c eff ∈ [0, c] depends on the transmission property of the conformal interface (See Ref. 23 for the concrete expression of c eff .). In particular, c eff = 0 corresponds to a totally reflective interface, and c eff = c = 1 corresponds to a totally transmissive interface. Later, the generic formula in Eq.(1.2) and the expression of c eff were also obtained in a two dimensional Ising CFT. 24 Most recently, quantum entanglement across a conformal interface where several CFTs join together was studied. It was found that the entanglement entropy of a single CFT i , with other CFTs as the rest, also has the generic form in Eq.(1.2). 25 Aside from the conformal field theory approach, there are many numerical and analytical results on tight-binding lattice arXiv:1711.02126v4 [cond-mat.str-el] 13 Mar 2018 models, where the entanglement entropies also show the behavior in Eq.(1.2). In Ref. 26 , the effect of a conformal interface on entanglement entropy in the Ising model and related fermionic systems was numerically studied. Later in Ref. 27 , analytical results of both entanglement spectrum and entanglement entropy were derived, and the result on entanglement entropy was later confirmed in a CFT calculation. 24 A series of works were then stimulated, including entanglement entropy across quantum wire junctions, 28, 29 and entanglement entropy across a conformal interface in bosonic quantum chains. 30 Interestingly, in Ref. 31 , entanglement evolution across a conformal interface after a local quantum quench was analytically studied based on a critical fermion chain. The local quantum quench is realized by connecting two critical half-chains at their ends through a conformal interface suddenly. Then the time evolution of entanglement entropy for one of the halfchains is found to have the following form 
where c eff is the effective central charge that appears in Eq.(1.2). That is, in a critical free fermion chain, the conformal interface suppresses the entanglement entropy in the same way for both ground-state and local-quench cases. Then it is natural to ask the following questions: -The conclusion in Eq.(1.4) is obtained based on a specific lattice model (a free fermion chain). Is there a more general framework or a field theory approach to show this result?
-What happens for other quantum quenches, e.g., a global quench or an inhomogeneous quench, in the presence of a conformal interface? Does the conformal interface also suppress the entanglement evolution in the same way as that in the ground-state case? If so, what is the common feature/structure underlying these different setups?
In this work, we aim to answer these questions based on the conformal field theory approach. The main results are as follows.
1. We show that the result c eff = c eff for a local quench in Eq. (1.4) can be obtained by using conformal mappings. Compared to the previous work which focuses on a critical lattice model, 31 our approach is universal and applies to arbitrary CFTs.
2. We generalize the result in Eq. (1.4) to other quantum quenches including a global quench and a specific inhomogeneous quench. It is found that the setups for the ground-state case and the quantum-quench cases can be conformally mapped to the same configuration. This is why the entanglement entropy is suppressed by a conformal interface in the same way for all these cases.
3. We confirm our CFT results with numerical calculations based on a critical lattice model. Furthermore, based on the quasi-particle picture, we conjecture that for an arbitrary quantum quench with the initial state described by a regularized conformal boundary state, the conformal interface suppresses the time evolution of entanglement entropy by effectively replacing the central charge c with c eff , where c eff is the same as that in the groundstate case in Eq.(1.2).
The structure of this work is organized as follows. In Sec.II, we study how a conformal interface suppresses the time evolution of entanglement entropy after quantum quenches including global, local, and a certain inhomogeneous quenches. Then in Sec.III, we confirm our field-theory results based on a lattice model calculation. In Sec.IV, we discuss the quasiparticle picture and its application in quantum quenches with a conformal interface, including the case of a global quench with a conformal interface inside the subsystem, and the case of an arbitrary quench with a conformal interface along the entanglement cut. Then we conclude our work in Sec.V. There are two appendices on the effect of conformal boundary conditions on the entanglement entropy, and the left-right entanglement of a conformal boundary state as entanglement sources of real-space entanglement after a quantum quench.
II. EVOLUTION OF ENTANGLEMENT ENTROPY ACROSS A CONFORMAL INTERFACE
Setups for two CFTs with a conformal interface in the case of (a) a ground state, (b) a global quench, (c) a local quench and (d) an inhomogeneous quench. The red dotted line along x = 0 represents the conformal interface connecting CFT1 and CFT2, and the red solid line is the branch cut in subsystem A. We remove a small disc at the entangling point z = 0 + iτ as a UV regularization.
Now we are mainly interested in the time evolution of entanglement entropy after a quantum quench in the presence of a conformal interface. In particular, we will study a global quench 34, 35 , a local quench 32 and an exactly solvable inhomogeneous quench 36 as examples. Throughout this work, unless explicitly interpreted, the conformal interface we consider is along the entanglement cut x = 0. Our basic strategy is as follows. Through conformal mappings, we show that for both the ground-state case and the non-equilibrium cases, the path integral representation of the reduced density matrix can be mapped to the same configuration. The conformal mappings we use are well explored in the recent work by Cardy and Tonni, 37 and the new ingredient in this work is to include conformal interfaces, and see how these conformal interfaces transform after conformal mappings.
Before studying quantum quenches, it is helpful to have a short review of the ground-state case with a conformal interface. 23, 24 A. Brief review of entanglement entropy in ground state with a conformal interface
Now we have two CFTs connected by a conformal interface along the entanglement cut x = 0 [see Fig.2 (a) ] . Subsystem A corresponds to CFT 1 in the right half plane. Then one introduces a UV cutoff |z| = and an IR cutoff |z| = L, and imposes conformal boundary conditions |a 1 , |a 2 along |z| = , and |b 1 , |b 2 along |z| = L, respectively. 38 The reduced density matrix ρ A = TrĀρ could be viewed as the partition function defined on this manifold, with the branch cuts along {x + iy| ≤ x ≤ L, y = 0 ± }. Then we consider the following conformal mapping
which maps the configuration in Fig.2 (a) to a strip in wplane in Fig.3 . One can find that the conformal interfaces are mapped to two straight lines along v = Im w = π 2 , 3π 2 , the branch cuts are mapped to straight lines along v = 0, 2π, and the boundaries along |z| = and |z| = L are mapped to u = Re w = log and log L, respectively. It is noted that the conformal boundary conditions |a 1 and |a 2 in w-plane are along u = log with v = (0, 
Based on the configuration in Fig.3 , one can express the Renyi entropy as
where Z 1 = Tr ρ A is the partition function on a cylinder, which is obtained by gluing the two branch cuts along v = 0 and v = 2π in Fig.3 . Similarly, by considering n copies of strips in Fig.3 , and gluing the branch cuts one by one, we can obtain the partition function Z n . To evaluate the partition function Z n with 2n conformal interfaces intersecting with two boundaries is not an easy task. Ref. 23 and following works 24 circumvent this difficulty by taking periodic boundary conditions along u = Re w direction, so that the cylinder becomes a torus. Fig.2 are mapped to the same configuration in w-plane, with w = u + iv. Now the conformal interface (dotted line) is along v = π/2 and 3π/2. The difference is the location of branch cuts. For equilibrium case in Fig.2 (a) , the branch cuts are mapped to v = 0 and v = 2π. For non-equilibrium cases such as the global quench in Fig.2 (b) , the branch cuts are mapped to the green solid lines, which are no longer along constant v.
A remark here: It is noted that changing the open boundary condition of a cylinder with W 1 in Fig.3 to a periodic boundary condition does not affect the leading term of entanglement entropy, as discussed in Appendix.A. In this work, since we are mainly interested in the leading term of entanglement entropy, hereafter we will take periodic boundary condition in Re w direction in Fig.3 .
Then the partition function Z n can be expressed as
where H CFT1,2 is the hamiltonian operator in the respective CFT, I 12 denotes the interface operator, 39 and q = e −πδ with δ = 2π/W . The partition function Z n and entanglement entropy S A has been explicitly evaluated for free boson and free fermion CFTs, 23, 24 . It was found that
where c eff ∈ [0, c] depends on the transmission property of the conformal interface, as well as the type of CFTs. Then based on Eqs.(2.2) and (2.5), one can obtain the entanglement entropy of subsystem A as follows
Here we give two remarks on Eq.(2.5).
-Remark 1:
Here c eff ∈ [0, c] refers to the case that CFT 1 and CFT 2 have the same central charge, i.e., c 1 = c 2 = c. In the case c 1 = c 2 , the effective central charge satisfies
This is because the degrees of freedom that contribute to the coupling of two CFTs at the conformal interface are upper bounded by min[c 1 ,
It is noted that the formula in Eq.(2.5) was explicitly derived in free boson and free fermion CFTs. Given a generic CFT, since the classification of a conformal interface is not well understood (see the introduction), an explicit calculation of entanglement entropy with a conformal interface is still absent. Nevertheless, based on the following argument, one can find that Eq.(2.5) is valid for generic CFTs.
For simplicity, let us consider the case CFT 1 =CFT 2 , with the reduced density matrix represented in Fig.3 after an appropriate conformal mapping. We evaluate the partition function Z n [see Eq.(2.
3)] as follows:
where H n is the Hamiltonian defined on a circle of circumference 2nπ, with 2n conformal interfaces inserted (see Fig.3 for n = 1). Since W 1, the ground state energy of H n dominates in Z n , i.e.,
We emphasize that the ground state energy E n depends on the transmission property of the conformal interface. Then based on Eq.(2.3), one can find the leading term of the entanglement entropy has the form
where we have defined the effective central charge as
That is, the effective central charge can be defined through the ground state energy in the presence of conformal interfaces. For the case that the conformal interface is transparent, one has E n = − c 12n and
, and then one can find c eff = c, as expected. For the case that the conformal interface is totally reflective, one has E n = − nc 12 and E 1 = − c 12 , and then c eff = 0, also as expected.
For a conformal interface with partial transmission and partial reflection, c eff in Eq.(2.11) is not easy to evaluate, and only the free bosons and free fermions have been studied. Nevertheless, we have shown that the formula in Eq.(2.5) is valid for generic CFTs.
As a final remark, it is not straightforward to see that c eff in Eq.(2.11) is smaller than c. We believe that c eff ≤ c is true, because a conformal interface with partial transmission reduces the degrees of freedom coupling to the other CFT, and therefore reduces the entanglement entropy.
B. Quantum quenches with a conformal interface
In the following parts, we will show that different setups of quantum quenches, after conformal mappings w = f (z), may be mapped to the same configuration in Fig.3 . In particular, the partition function Z n = Tr (ρ n A ) is exactly the same as Eq.(2.4) up to the concrete form of W , which is the width of strip (see Fig.3 ). By repeating the same calculation in Refs.23 and 24, one can obtain the entanglement entropy 12) where the effective central charge c eff is exactly the same as that in the ground state in Eqs.(2.5) and (2.6).
Global quench
We follow Refs.34 and 35 for the setup of a global quench. One starts from a short-range entangled initial state |φ 0 , and has it evolve with a CFT hamiltonian H CFT . For simplicity, one may choose |φ 0 in the following form
where |b is the so-called conformal boundary state, and has no real space entanglement. 40 By evolving |b with an imaginary time β/4, the initial state |φ 0 has finite realspace entanglement and is normalizable. The reason we choose the factor β/4 instead of β is because the expectation value φ 0 |H CFT |φ 0 is the same as that in finite temperature 1/β. Then the time dependent density matrix has the form ρ(t) = e −iHCFTt e −βHCFT/4 |b b|e −βHCFT/4 e iHCFTt , which in Euclidean spacetime becomes ρ(τ ) = e −HCFTτ e −βHCFT/4 |b b|e −βHCFT/4 e +HCFTτ . Now, for two CFTs connected by a conformal interface, in general we need to modify the initial state by taking |b = |b 1 for x > 0, and |b = |b 2 for x < 0, where |b 1(2) is the conformal boundary state corresponding to CFT 1 (2) , as shown in Fig.2 (b) . This is similar to how we impose boundary conditions along |z| = and |z| = L in the ground-state case. It is noted that this kind of "domain-wall" initial state without a conformal interface has been studied in Ref. 47 . It was found that only the constant term in entanglement entropy is modified. Here in our setup the "domain-wall" initial state is very natural because we may consider two different CFTs. Similar to the ground-state case, we remove a small disc with radius around z = 0 + iτ as a UV regularization. Then the path integral representation of the reduced density matrix ρ A = TrĀ ρ is shown in Fig.2 (b) . Now we consider the following conformal mapping
which maps the configuration in Fig.2 (b) to the strip in wplane in Fig.3 . In particular, one can find that the conformal interface along x = 0 in z-plane is mapped to
That is, the conformal interfaces are mapped to straight lines along Im w = Different from the equilibrium case, now the branch cuts (solid red lines in Fig.2 (b) ) are mapped to curves (green solid lines in Fig.3 ) which are no longer along v = 0, 2π.
37 However, we emphasize that the location of branch cuts has no effect on the partition function Z n = Tr (ρ n A ), in which the branch cuts are glued one by one. Therefore, hereafter we will no longer show explicitly the location of branch cuts for local and inhomogeneous quenches.
Considering the UV cutoff |z| = at the entangling point z = 0 + iτ , then the width of strip in Fig.3 can be evaluated as
Then based on Eq.(2.12), one can obtain the leading term of entanglement entropy as
For a totally transmissive conformal interface, i.e., c eff = c, one recovers the well known result S A (t) πc 3β t.
34,35

Local quench
For local quantum quenches in a CFT, there are mainly two interesting setups: one is the "cut-and-glue" setup, which connects two CFTs at their ends suddenly, 32 and the other is to act on the CFT with a local operator. [41] [42] [43] [44] [45] [46] Here we are interested in the "cut-and-glue" setup. That is, before we glue the two CFTs at t = 0, each CFT stays in its ground state. Then at t = 0, the two CFTs are connected through a conformal interface. Following Ref. 32 , in Euclidean spacetime, one may consider two slits: one slit goes from z = 0 + i∞ to z = 0 + iλ, and the other slit goes from z = 0 − i∞ to z = 0 − iλ, as shown in Fig.2 (c) . Along the slits, conformal boundary condition |b 1 (|b 2 ) is imposed on the CFT 1 (CFT 2 ) side. As before, we remove a small disc of radius at z = 0 + iτ , and then the remaining part can be mapped to a strip in w-plane in Fig.3 by considering the following conformal mapping
It is straightforward to check that the conformal interface along x = 0 is mapped to
for τ < y < λ, and
for −λ < y < τ . That is, the conformal interface along x = 0 in z-plane is mapped to two straight lines along Im w = π 2 , 3π 2 in w-plane. One can check that the width of the strip in Fig.3 is
Therefore, based on Eq.(2.12), one can obtain the leading term of entanglement entropy S A (t) as follows 19) which agrees with the lattice model results in Eqs.(1.3) and (1.4). It also recovers the well known result S A (t) c 3 log t for a totally transmissive conformal interface, as expected.
Inhomogeneous quench
Among different setups of inhomogeneous quantum quenches [49] [50] [51] [52] (see also Ref.53 for a review), here we are mainly interested in the case with smoothly varying initial state. 49 Then β in the initial state |φ 0 in Eq.(2.13) is no longer a constant, but depends on the position x. Then |φ 0 can be explicitly written as 20) where H CFT (x) is the hamiltonian density. Here we consider a solvable inhomogeneous quantum quench, with β(x) chosen as follows 21) where β 0 1 is a positive constant. This kind of inhomogeneous quench is interesting since it shows features of a global quench in the short time limit (t Λ) and a local quench in the long time limit (t Λ). 36 Now we introduce a conformal interface which is defined along x = 0 with −Λ sin β 0 ≤ y ≤ Λ sin β 0 . The path integral representation of the the reduced density matrix ρ A is shown in Fig.2 (d) .
To map the configuration in Fig.2 (d) to the strip in w-plane (see Fig.3 ), we consider the following conformal mapping
where
Here the effect of ξ(z) is to map the configuration Fig.2 Fig.2 (d) is mapped to 24) for τ < y < Λ sin β 0 , and 25) for −Λ sin β 0 < y < τ . That is, the conformal interface along x = 0 in z-plane in Fig.2 (d) is indeed mapped to the straight lines along Im w = π 2 , 3π 2 in w-plane in Fig.3 . Now let us check the width W of the strip in Fig.3 12) , the time evolution of entanglement entropy of subsystem A (or CFT 1 ) has the form
which shows interesting limits
Comparing with the result in Ref. 36 , here the conformal interface suppresses the entanglement evolution S A (t) by replacing c with c eff .
III. LATTICE CALCULATION
In this section we will check our field theory results based on a critical lattice model. Critical lattice models with a conformal interface have been studied in different cases, including a critical Ising model, 1,3 a harmonic chain, 30 and a free fermion chain. 27, 30, 31 Here, we will take a critical free fermion chain for example.
We study a free fermion chain of length 2L, with a conformal interface located between sites L and L + 1. The hamiltonian has the following expression:
where the nonzero elements are
and Apparently, for λ = 1, the fermion chain is homogeneous, and there is no interface/defect; for λ = 0, we have two decoupled chains. Curious readers may wonder why we choose the interface of the form in Eqs.(3.2) and (3.3). In Ref. 31 , it was found that the transmission coefficient for this kind of interface is independent of the wavelength of incoming waves, and thus is scale invariant. On the other hand, if we simply choose a bond defect in Eq.(3.2), one can find that the transmission coefficient is wavelength dependent, and is non-conformal.
In the following, we study how the conformal interface suppresses the entanglement entropy by extracting c eff (λ)/c(λ = 1) for different cases. In particular, different kinds of quantum quenches are realized through different initial states, which evolve according to the same hamiltonian in Eqs.(3.1)∼(3.3).
(a) Ground state We consider a free fermion chain of length 2L with the hamiltonian in Eq.(3.1), and prepare the system in the ground state. Then we study the entanglement entropy S A for subsystem A = [L + 1, 2L]. For λ = 1, the entanglement entropy depends on L as S A (L) = c 6 log L + const., with c = 1 here; for 0 ≤ λ < 1, the introduction of conformal interface will suppress the entanglement entropy as S A (L) = ceff 6 log L + const., with 0 ≤ c eff < c. It is noted that here the subleading constant term in S A usually depends on the parameter λ. 23, 55 By changing the length L, we can extract the effective central charge c eff (λ) by fitting the numerical plot. (See Fig.4 (a) for a typical plot of S A (L) with λ = 0.8 and λ = 1.) (b) Global quench We prepare the initial state |ψ 0 as the ground state of a massive fermion chain, by adding a mass term to the Hamiltonian in Eq. mal interface, it is observed that S A (t) = πceff 3β t + const. (see Fig.4 and Eq.(2.16) ), where β is a non-universal constant and depends on the mass term in the massive fermion chain (See Appendix.C for a detailed discussion.). In the fitting procedure, for different λ, we fix the parameter β and L. Then we can obtain c eff (λ)/c(λ = 1) in Fig.5 .
(c) Local quench This case was studied in Ref. 31 . Here we briefly review the procedures to extract c eff (λ). We prepare the initial state |ψ 0 as the ground state of two decoupled critical fermion chains of length L. Then at t = 0, we connect the two decoupled chains with a conformal interface. That is, the initial state |ψ 0 evolves according to the hamiltonian in Eq.(3.1). It is found that the entanglement entropy evolves as S A (t) ceff 3 log t + const. (see Fig.4 ).
(
d) Inhomogeneous quench
In this case, the initial state is still chosen as the ground state of a massive fermion chain. But now the mass term is position dependent and has the form [see also Eq.(2.21)] m(x)
, where the parameters β 0 1 and Λ are fixed. Then at time t = 0, the initial state |ψ 0 evolves according to the hamiltonian in Eq.(3.1). One can find the entanglement entropy evolves as follows
where the fitting parameters β 0 and Λ depend on the mass term m(x), but are independent of the transmission parameter λ. That is, the entanglement entropy is fitted by c eff , β 0 and Λ , but only c eff is a λ dependent fitting parameter. In this way, we can obtain c eff (λ)/c(λ = 1) in Fig.5 . For all the cases above, by fitting the entanglement entropy in Fig.4 for different λ, we obtain c eff (λ)/c(λ = 1) in Fig.5 . Remarkably, for both equilibrium and non-equilibrium cases, c eff (λ)/c(λ = 1) fall on the same curve, which agrees with the CFT analysis.
In addition, we compare the numerical results of c eff (λ) with the analytical result which was obtained in the groundstate case, 27 with the following expression
where dx. As shown in Fig.5 , the numerical results agree with the analytical result in an excellent way.
IV. QUASI-PARTICLE PICTURE AND ITS APPLICATION
In the previous discussion, we focus on cases when the conformal interface is along the entanglement cut. Then one can use conformal mappings to reach the configuration in Fig.3 , the partition function on which can be easily evaluated (after taking periodic boundary condition). But there are still cases it is not clear how to solve with conformal mappings: (i) When the conformal interface is inside (or outside) the subsystem A, by mapping ρ A to a strip, the conformal interface is no longer a straight line. It is difficult to evaluate the partition function in this case. (ii) For a more generic quantum quench such that β(x) in |φ 0 is an arbitrary function of x, even if the conformal interface is along the entanglement cut, we are not sure how to find a conformal mapping to get a simple configuration, e.g., Fig.3 . In these cases, it will be helpful to consider the quasi-particle picture, 34, 35, 53 which assumes the initial state as the source of EPR pairs. Starting from t = 0, these EPR pairs, which carry entanglement, move in opposite directions with light speed c = 1. At time t, entanglement between two regions with distance d = t starts to be created. In the following, we will apply this quasiparticle picture to two interesting examples. 
A. A global quench with a conformal interface inside the subsystem
As a warm up, let us first consider the case in Fig.2 (b) , i.e., a global quench with a conformal interface along the en-tanglement cut. Different from the case without a conformal interface, when quasiparticles hit the conformal interface, only part of them will transmit. Let us denote the transmission coefficient as T , then the entanglement entropy S A (t) for A = (0, ∞) has the form
where ρ(x) may be viewed as the density of EPR pairs that carry entanglement. For the global quench we studied here, ρ(x) is a constant and may be chosen as
Then one has
A remark here: ρ(x) may be alternatively viewed as the left-right entanglement density, which serves as entanglement sources for the real space entanglement after a quantum quench (See the discussion in Appendix.B for more details.). The basic picture is as follows: Given the regularized conformal boundary state |φ 0 in Eq.(2.13), there is entanglement between the left-movers and right-movers. When the system is quenched to a critical point at t = 0, the left-movers and right-movers propagate in opposite directions in space, which results in real-space entanglement. In other words, the realspace entanglement after a quantum quench originates from the left-right entanglement in the initial state.
By comparing Eq.(4.3) with the result in Eq.(2.16), one can find the transmission coefficient as
Now let us study the case where the conformal interface is inside the subsystem A, as shown in Fig.6 (a) . It is straightforward to express the entanglement entropy S A (t) as follows
where Θ(x) = 1 for x > 0 and 0 for x < 0. Considering ρ(x) = πc 6β in Eq.(4.2), one can immediately obtain transmissive, one can find S A (t) = πc 3β t for arbitrary t, as expected. In the other limit c eff = 0, i.e., there is a "wall" at x = d, then one has S A (t > d) = πc 3β d, which is saturated, also as expected. 53 To confirm the behavior of S A (t) in Eq.(4.6) numerically, now we consider a free fermion chain after a global quantum quench with the conformal interface located at
i.e., the conformal interface is no longer located at the entangling cut, but has a distance d from it. As shown in Fig.7 , it is observed that S A (t) grows linearly in time for both vt < d and vt > d, where v is the group velocity of quasiparticles in the low energy limit and has the value v = 2 here. The difference is that the slope of S A (t) is ∝ c for vt < d but ∝ c eff for vt > d, in agreement with the quasi-particle picture in Eq.(4.6).
B. An arbitrary quantum quench based on quasi-particle picture
Now we consider a quantum quench with arbitrary β(x) in the initial state |φ 0 in Eq.(2.20) (see Fig.6 (b) for example) , and the conformal interface is along the entanglement cut. We will show that, based on the quasi-particle picture, the entanglement evolution for an arbitrary quench is also suppressed by a factor c eff /c.
First, we make an assumption that the transmission coefficient T of the conformal interface is independent of the EPRpair density ρ(x), and has the same form as T in a global quench in Eq.(4.4). This assumption is made based on the solvable inhomogeneous quantum quench in Sec.II B, as follows.
Considering the configuration in Fig.2 (d) , the entanglement entropy of subsystem A = (0, ∞) can be expressed as
where the EPR-pair density ρ(x) is not homogeneous and has the form 49 (see also Appendix B) 8) where β(x) is given in Eq.(2.21), and is approximated as β(x) 4β 0 √ Λ 2 + x 2 by considering β 0 1. Suppose that the transmission coefficient T is independent of EPR-pair density ρ(x), then S A (t) can be written as
(4.9)
By comparing with the expression of S A (t) in Eq.(2.26), one can find that T = c eff /c, which is the same as the global quench case in Eq. (4.4) . From this inhomogeneous-quench example, we conjecture that the transmission coefficient T is independent of EPR-pair density, and has the universal value in Eq.(4.4). Then we can move on to an arbitrary quantum quench with a conformal interface along the entanglement cut. Here 'arbitrary' means β(x) in the initial state |φ 0 in Eq. (2.20) is an arbitrary function which smoothly varies with x, and so is the EPR-pair density ρ(x). Then based on quasi-particle picture, the entanglement entropy S A (t) may be written as 10) where S A,0 (t) denotes the entanglement entropy without a conformal interface. We emphasize that Eq.(4.10) is obtained based on the quasiparticle picture and the assumption that T = c eff /c for arbitrary quantum quenches. Therefore, the result in Eq.(4.10) is a conjecture, although we have numerically checked cases with different β(x) in a free-fermion chain to confirm it. 64 A more strict proof with conformal mapping (or other methods) is still desirable. In addition, it will be interesting to connect our results with quantum quenches in higher dimensions, where the "entanglement tsunami" carries entanglement from the boundary. 65, 66 V. CONCLUDING REMARKS In this work, by using conformal mappings, we show that the leading term of entanglement entropy after a quantum quench is suppressed by a conformal interface in the same way as that in the ground-state case. We study three different quantum quenches explicitly, including a global quench, a local quench, and a homogeneous quench. For each case, the effect of conformal interface in the entanglement entropy evolution is to replace the central charge c with c eff . Here c eff is the same as that in the ground-state case. Our conclusion is confirmed by numerical calculations based on a free fermion chain. In addition, based on the quasi-particle picture, we conjecture that our conclusion holds for an arbitrary quantum quench whose initial state can be described by a regularized conformal boundary state.
Although our discussion mainly focuses on two CFTs connected by a conformal interface, it is straightforward to generalized our conclusion to several CFTs joining at a conformal interface/junction. 25 There are many interesting future problems to study, and we mention some of them here.
-The conformal interface studied in this work is located along the entanglement cut (except for the example on quasiparticle picture in Sec.IV A). As far as we know, even for the equilibrium case, the entanglement entropy with a conformal interface inside (or outside) the subsystem is not studied yet. It is our future work to understand how a conformal interface inside (or outside) the subsystem affects the entanglement entropy for both equilibrium and non-equilibrium cases.
-Another way to study entanglement entropy in CFTs is based on the correlation function of twist operators. 53, 54 It is interesting to study correlation functions of field operators in the presence of conformal interfaces. This may provide a good way to study the case that the conformal interface is inside (or outside) the subsystem.
-Recently, the Loschmidt echo and bipartite fidelity of free-boson CFTs after a local quench (by gluing two CFTs with a conformal interface) was studied. 56 It is interesting to study the relation between the dynamics therein with the time evolution of entanglement entropy in our work.
-It is also interesting to study the holographic entanglement evolution after quantum quenches in the presence of a conformal interface. In this appendix, we argue that the boundary conditions |a 1(2) and |b 1 (2) in Fig.3 does not affect the leading term in entanglement entropy. For simplicity, let us first consider a homogeneous CFT, and then include conformal interfaces later. The discussion follows closely with that in Ref. 37 .
Let us start with the strip (without conformal interfaces), which represents the reduced density matrix ρ A , in Fig.3 . By taking n copies of strips and considering the trace operation, i.e., Tr (ρ n A ), one obtains a cylinder with two open boundary conditions |a and |b (see Fig.8 ). To make a comparison, we also consider a cylinder with periodic boundary condition, i.e., a torus (see Fig.8 ). The circumference in v = Im w direction of the cylinder/torus is 2nπ, and the length in u = Re w direction is denoted as W . Since W 1, it is convenient to consider the partition function as the path integral for a CFT on a circle of circumference 2nπ, propagating along u-direction with imaginary time W . Then one has
for the cylinder, and 
for a cylinder, and
for a torus. Then the n-th Renyi entropy can be expressed as
for a cylinder, where g a,b = − log a, b|0 are the AffleckLudwig boundary entropies. 48 For the torus, one has
Considering W 1, the leading term of Renyi entropy proportional to W are the same for a cylinder and a torus. The difference only happens for the subleading term.
In the above analysis, what is essential is that in the limit W 1, only the ground state |0 dominates in the partition function, and the boundary states contribute to a finite overlap a|0 ( b|0 ). Now we include conformal interfaces in Tr(ρ n A ). Again, we consider the partition function as the path integral for a CFT living on a circle of length 2nπ, propagating along Re w direction. Denoting the hamiltonian on the circle as H CFT , then one has Tr(ρ n A ) = k A|k k|B k|e −W HCFT |k for the cylinder geometry, and Tr(ρ A|0 0|B 0|e −W HCFT |0 for a cylinder, and Tr(ρ n A ) 0|e −W HCFT |0 for a torus. Similar to the case without conformal interfaces, the boundary conditions |A and |B only contribute to a finite constant to the entanglement entropy. The leading term of entanglement entropy is contributed by 0|e −W HCFT |0 , which is the same for both the cylinder geometry and torus geometry. Therefore, we conclude that the boundary conditions |a 1(2) and |b 1 (2) in Fig.3 have no contribution to the leading term in entanglement entropy. Left-right entanglement of a conformal boundary state has been studied recently, 57, 58 and applied to the real-space entanglement entropy in Chern-Simons theories. [59] [60] [61] [62] Here we propose that the left-right entanglement density of a conformal boundary state may be considered as the entanglement sources for real-space entanglement in a CFT after a quantum quench. An intuitive picture is that the entanglement evolution after a quantum quench is introduced by the propagation of left-moving and right-moving quasiparticles. Tracing back to t = 0, the entanglement between left-moving and rightmoving quasiparticles must come from the entanglement between left-moving and right-moving modes of the regularized conformal boundary condition.
Let us define the left-right entanglement density in the following. Now we consider a regularized conformal boundary state |b = e −βHCFT/4 |b ,
where |b is the conformal boundary state defined along a circle of length L. It is noted that |b is a superposition of Ishibashi states |h a , 7 which may be explicitly written as
|h a , N ; j ⊗ |h a , N ; j ,
where |h a , N ; j represent the left movers, and |h a , N ; j represent the right movers. Here a denotes the primary field, and d ha (N ) denotes the dimension of subspace for level N of the conformal family. Without loss of generality, one can trace over the right-movers, and obtain the reduced density matrix for the left-movers:
Then one can obtain the entanglement entropy for the leftmovers (or right-movers) as follows:
Based on the leading term in S we can define the left-right entanglement density ρ = S/L with the form
which is nothing but Eq. 
We will check several nontrivial examples based on this leftright entanglement density. One simple example is the global quantum quench with the setup shown in Fig.2 (b) , but with no conformal interface. For subsystem A = (0, ∞), the entanglement entropy has the form S A (t) = we choose the initial state as |G . Comparing with Eq.(2.13), one can find that
That is, the 'temperature' in the intitial state is proportional to the mass of the fermion. (It is noted that in the numerical calculation on a lattice model, β is not exactly 1/m but needs fine tuning.)
